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　　Abstract　　The basis funct ion of n order t rigonomet ric polynomial B-spline with shape parameter is const ructed by an integral ap-

proach.The shape of the const ructed curve can be adjusted by changing the shape parameter and i t has most of the properties of B-spline.
The ellipse and ci rcle can be accurately represented by this basis function.
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　　B-spline is very useful to com puter aided geome-
try design , and there have been dif ferent B-splines

put fo rw ard such as the uniform trigonometric poly-
nomial B-spline

[ 1]
, C-B Spline

[ 2 ,3]
, etc.To adjust

the shape of curves or change the position of curves ,
the weights in rational Bezier curves and rat ional B-
spline curves[ 4 ,5] can be used.B-spline also has some

deficiencies , for ex ample , the posit ion of B-spline

curve is fixed for a given control point;if we w ant to

adjust the shape of a curve , the control polyg on must

be changed.When the control poly gons are f ixed , the

curves w ith shape parameter const ructed in Ref.[ 6]
can rectify the shape of curves by adjust ing the shape

parameter , and the shape parameter is w ithin

[ -1 ,1] .Basky created the β spline curve
[ 7]
, w hich

has the properties of convex hull , local control , varia-
tion diminishing , etc.The β spline has tw o ad-
justable parameters , so the curves are G

2 continuous.
In this paper , the k order (k ≥2) t rigonometric

polynomial B-spline curve wi th shape parameter is

g iven and the quadratic trigonometric polynomial

curve w ith shape parameter in Ref.[ 6] is used as a

special example.Since the k order t rigonometric

polynomial B-spline w ith shape parameter has one

shape parameter and the continuous order is C≥k-1

-m , m =max{the multiplicities m j of knot t j},
different curves can be created by adjusting the shape

parameter in the invariable control polygon , w hich

possesses many structure and geometry properties of

the B-spline curves.

1　Construction of the basis function and its

properties

For the partition of the given t parameter axis

T :{ti}
∞
-∞ , t i≤t i+1 , i=0 , ±1 , …, we define the

t rigonometric polynomial B-spline wi th shape parame-
ter as:
S i , 2(λ, t)

　 =

π
1+λ

4
sin

(t-t i)
2(ti+1-ti)

π

　-
λ
4

sin
t-ti

ti+1-ti
π , ti≤t<ti+1 ,

π
1+λ

4 sin
ti+2-t

2(ti+2-ti+1)
π

　-
λ
4

sin
ti+2-t

2(ti+2-ti+1)
π , ti+1≤t<ti+2 ,

0 , otherwise ,

S i , k(λ, t)=
1

δi , k-1(λ)∫
t

-∞
S i , k-1(λ, x)d x

-
1

δi+1 , k-1(λ)∫
t

-∞
S i+1 , k-1(λ, x)d x ,

k ≥3 ,

δi , k(λ)=∫
∞

-∞
S i , k(λ, x)d x , 　-1 ≤λ≤1.

Here we consider that any 0/0 is 0.

When k ≥2 , f rom its definit ion w e can easily

deduce all the properties of S i , k(λ, t)(i =0 , ±1 ,
±2 , …).Because there are k nonzero intervals in

S i , k(λ, t), we define S i , k(λ, t)as the k o rder or

k -1 deg ree t rigonometric polynomial B-spline basis

w ith shape parameter and λis the shape parameter.



Proposition 1.Posi tivi ty:
S i , k(λ, t)≥0 , 　t ∈ (-∞, +∞).

Proof.The proposition holds for k=2 , obvious-
ly.Assuming that the proposi tion holds fo r k =n -
1 , w hen k =n , w e have

δi , n-1(λ)=∫
∞

-∞
S i , n-1(λ, t)d x>0 ,

i=0 , ±1 , ±2 , ….
From the definition of S i , n(λ, t), we have

S i , n(λ, t)=
1

δi , n-1(λ)∫
t

-∞
S i , n-1(λ, x)d x

-
1

δi+1 , n-1(λ)∫
t

-∞
S i+1 , n-1(λ, x)dx

=
1

δi , n-1(λ)δi , n-2(λ)

·∫
t

-∞∫
t

-∞
S i , n-2(λ, t)dtdt

-
1

δi , n-1(λ)δi+1 , n-2(λ)

+
1

δi+1 , n-1(λ)δi+1 , n-2(λ)

·∫
t

-∞∫
t

-∞
S i+1 , n-2(λ, t)dtd t

+
1

δi+1 , n-1(λ)δi+2 , n-2(λ)

·∫
t

-∞∫
t

-∞
S i+2 , n-2(λ, t)dtd t

=
1
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·∫
t

-∞∫
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-∞∫
t
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-
1
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+ 1
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1
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S i+2 , n-2(λ, t)dtdtdt

+
1

δi+1 , n-1(λ)δi+2 , n-2(λ)δi+3 , n-3(λ)

·∫
t

-∞∫
t

-∞∫
t
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S i+3 , n-3(λ, t)dtdtdt

………………

=∫
t

-∞
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t

-∞

n-2

∑
n-2

j=0

(-1)jG
j
n-2S i+j , 2(λ, t)dt…dt ,

(G
j
n-2 ≥0)

S
(n-2)
i , n (λ, t)

　　=∑
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j=0
(-1)

j
G

j
n-2S i+j ,2(λ, t)

　　=
(-1)j-1 f i+j(t), t ∈ [ ti+j , ti+j+1] ,
f i(t), t ∈ [ ti , ti+1] ,
f i+n(t), t ∈ [ ti+n-1 , ti+n] ,

j =1 ,2 , …, n -2 ,
w here f i(t)=S i ,2(λ, t), t ∈[ ti , ti+1] ,

f i+n(t)=(-1)k-2
S i+n-2 ,2(λ, t),

t ∈ [ ti+n-1 , t i+n] ,

f i+j(t)=π
G

j-1
n-2(1 +λ)

4
cos

t -t i+j

2(ti+j+1 -ti+j)
π

-
G

j
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4
sin

t -t i+j

2(t i+j+1 -ti+j)
π

+
G

j
n-2 -G

j-1
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Obviously , both f i(t)and f i+n(t)have at most one

zero.

Assume that G
j
n-2≥G

j-1
n-2 , then

f i+j(t)<π
G

j-1
n-2 -G

j
n-2

4
(1+(1 - 2)λ)

·cos
t -ti+j

2(t i+j+1 -t i+j)
π<0 ,

t ∈ [ ti+j ,(ti+j +t i+j+1)/2] ,

f′i+j(t)=π
2
-

1+λ
8(ti+j+1-t i+j)

G
j-1
n-2sin

t -t i+j

2(ti+j+1-t i+j)
π

-
1+λ

8(t i+j+1-t i+j)
G
j
n-2cos

t-t i+j

2(t i+j+1-t i+j)
π

+
(G

j
n-2-G

j-1
n-2)λ

4(t i+j+1-t i+j)
cos

t -t i+j

ti+j+1-t i+j
π <0 ,

t ∈[(t i+j +t i+j+1)/2 , ti+j+1] .

Therefore , f i+j(t)has at most one zero.

If G
j
n-2 ≤G

j-1
n-2 , it can also be proved that

f i+j(t)has at most one zero.

So S
(n-2)
i , n (λ, t)has at most n zeros in t ∈[ t i ,

t i+n] .Based on the Rolle theorem , S i , n(λ, t)has

at most 2 n-2 zeros in t ∈ [ t i , ti+n] .On the basis

of the definition of S i , n(λ, t), t i and t i+n are the
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n-1 order zeros of S i , n(λ, t), respectively , so we

have S i , n(λ, t)≠0 , t ∈(ti , ti+n).

Since S i , n(λ, t)=∫
t

-∞
…∫

t

-∞

n-2

S i , 2(λ, x)d x …

dx >0 , t ∈(t i , t i+1), the proposition holds for

S i , n(λ, t)≥0 , 　t ∈(-∞, +∞).　Q.E.D.

Proposition 2.Local support:

S i , k(λ, t)
>0 , t ∈ (ti , t i+k),
=0 , otherw ise.

Proposition 3.Partition of unity:

∑
i

S i , k(λ, t)≡1 , 　(k ≥3).

Proof.When t ∈[ t i+k-1 , t i+k] ,

∑
i

S i , k(λ, t)

　　=∑
i+k

j=i

S j , k(λ, x)

　　=∑
i+k

j=i

1
δj , k-1(λ)∫

t

-∞
S j , k-1(λ, x)d x

　　　-∑
i+k

j=i

1
δj+1 , k-1(λ)∫

t

-∞
S j+1 , k-1(λ, x)d x

　　= 1
δi , k-1(λ)∫

t
i+k-1

-∞
S i , k-1(λ, x)d x

　　≡1.　Q.E.D.

Proposition 4.Derivative formula:

S′i , k(λ, t)=
1

δi , k-1(λ)
S i , k-1(λ, t)

-
1

δi+1 , k-1(λ)
S i+1 , k-1(λ, t).

Proof.Based on the def inition of S i , k(λ, t),

S i , k(λ, t)=
1

δi , k-1(λ)∫
t

-∞
S i , k-1(λ, x)d x

- 1
δi+1 , k-1(λ)∫

t

-∞
S i+1 , k-1(λ, x)d x .

Dif ferentiating about t on bo th sides of the above e-
quation simultaneously , we have

S′i , k(λ, t)=
1

δi , k-1(λ)
S i , k-1(λ, t)

-
1

δi+1 , k-1(λ)
S i+1 , k-1(λ, t).　Q.E.D.

Proposition 5.Linear independence:S i , k(λ, t) 
+∞
-∞ ,

(i =0 , ±1 , ±2 , …) are linearly independent fo r

t ∈(-∞, +∞). In particular , S i , k (λ, t),

S i+1 , k(λ, t), …, S i+k , k(λ, t), (n ≥k)are linearly

independent w ithin [ ti+k-1 , ti+n+1] .

Proof.The proposition holds for k =2 obvious-
ly .Assuming that the proposition holds for k =n ,

we obtain that
1

δi , n(λ)
S i , n(λ, t) 

+∞
-∞are linearly in-

dependent.

Considering ∑
i

αiS i , n+1(λ, t)=0 and differen-

tiating about t on its both sides simultaneously , we

have ∑
i

αiS′i , n +1(λ, t)=0.Due to proposition 4 ,

∑
i

αi
1

δi , n(λ)
S i , n(λ, t)

　　-
1

δi+1 , n(λ)
S i+1 , n(λ, t) =0.

Namely , ∑
i

(αi-αi-1)
1

δi , n(λ)
S i , n(λ, t)=0.

Because
1

δi , n(λ)
S i , n(λ, t) 

+∞
-∞ are linearly in-

dependent , we have αi =αi-1 =α, i =0 , ±1 , ….

From ∑
i

αiS i , n+1(λ, t)=0 , w e have ∑
i

αS i , n+1(λ,

t)=α∑
i

S i , n+1(λ, t)=0.Therefo re , α=0 , and

S i , n+1(λ, t) 
+∞
-∞are linearly independent.　Q.E.D.

Proposition 6.Continuous:

The continuous order of S i , k(λ, t)in the global

parameter space is C≥k-1-m ,
m =　max　

t
i
≤t

j
≤t

k +i

{the mult iplicit ies m j of knot t j}.

Proof.The proposition is easily proved by math-
ematical induction and defini tion of S i , k(λ, t).　
Q.E.D.

2 　Trigonometric polynomial B-spline curve

with shape parameter

The set of k order trigonometric polynomial B-
spline w ith shape parameter def ined within [ a , b]
(a=tk , b=t n+1)constitutes a linear space denoted

by Ψk[ a , b] .Obviously , S1 , k(λ, t), S 2 , k(λ, t),
… ,S n , k(λ, t)(n ≥k)are a set of bases in Ψk[ a ,
b] .Figure 1 illustrates the uniform trigonometric

polynomial B-spline basis wi th shape parameter.Us-
ing S i , k(λ, t), (i=1 ,2 , …, n), a curve in Ψk[ a ,
b] can be defined as
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Pk(λ, t)= ∑
n

i=1

P iS i , k(λ, t),

tk ≤ t ≤ t n+1 , 　n ≥ k , (1)

w here P i(i=1 , 2 , … , n)are control points.Figure 2

shows a piece of five o rder uniform trigonometric

polynomial B-spline curve w ith shape parameter(λ=
-1)and five o rder uniform B-spline curve.Similar

to the B-spline curve , the t rigonometric polynomial

B-spline curve with shape parameter possesses proper-
ties as follows:

Fig.1.　Set of bases S 1 , k(λ, t), … , S n , k(λ, t)in Ψk[ t k , tn+1] .

Fig.2.　A piece of five order uniform B-spline curve(dashed line)

and f ive order uniform trigonomet ric polynomial B-spline curve w ith

shape parameter(solid line , λ=-1).

Proposition 7.Convex hull property:Pk(λ, t),
(t i≤t≤t i+1 , i=k , … , n)lies inside the convex hull

of the co rresponding control polygon P i-k+1 , … , P i.
It can be deduced from the non-negative and partition

of unity of the t rigonometric polynomial B-spline basis

w ith shape parameter.

Proposition 8.Geometric invariance:The shape

of the curve represented by Eq.(1)is independent of

the choice of coordinate system because Pk(λ, t)is

an af fine combination of the control points.

Proposition 9.Local cont rol property:The

change of one of the control points w ill change at

most k segments of the o riginal trigonometric polyno-
mial B-spline curve with shape parameter.

Proposition 10.Continuous:The continuous or-
der of curve P i , k(λ, t)is C=k -1-m in m multi-
plicities knot and the globally continuous o rder of

curve P i , k(λ, t)is C≥k -1-r , r =　max　
t
i
≤t

j
≤t

k +i

{the

mul tiplicit ies m j of knot t j}.

Proposition 11.Derivative fo rmula:

 
 t
Pk(λ, t)=∑

n

i=2

S i , k-1(λ, t)ΔP i ,

tk ≤ t < tn+1 , (2)

w here ΔP i=
P i-P i-1

δi , k-1(λ)
.

Inference 1:The r order derivative of the curve

Pk(λ, t), (tk≤t<tn+1)is

 r

 t r
Pk(λ, t)= ∑

n

i=r+1
S i , k-r(λ, t)Δ

r
P i ,

r =0 ,1 , …, k -2 ,

w here Δr
P i=

Δr-1
P i-Δ

r -1
P i-1

δi , k-r(λ)
.It can be deduced

from the derivative formula(2).

3　Conclusion

Different curves lying k order B-spline nearby

can be created by the approach proposed in this pa-
per.By changing the shape parameter w e can adjust

the curve to approxim ate the control poly gon.The el-
lipse and circle can be accurately represented by this

basis function[ 6] .We can design curves by choosing

different shape parameters in -1≤λ≤1.Since the

t rigonometric polynomial B-spline wi th shape parame-
ter possesses many properties and structures the same

as that of the B-spline and preserves some practical

geometry properties of B-spline , it is more convenient

to be used.However , there are some deficiencies in

t rigonometric polynomial B-spline wi th shape parame-
ter , such as how to control the shape parameter.
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